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Abstract The Coherent Gradient Sensor (CGS) is extended
to the optical differentiation of specular, diffracted wave
fronts leading to the combined measurement of in- and out-
of-plane displacement field gradients. A derivation of the
underlying optical interference principles is presented along
with an analysis of the effective instrument sensitivity. In
order to demonstrate the capabilities of the technique,
experimental measurements of crack-tip deformation fields
were conducted under various loading conditions
corresponding to mode-I, mode-II, and mixed mode near-
tip crack fields. The experimental procedures and results of
these tests are presented as validation of the technique.
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Introduction

The coherent gradient sensor (CGS) as originally proposed by
Tippur et al., [1–7] has been previously described and
successfully applied in numerous experimental stress analysis

applications. Legacy CGS applications have ranged from
dynamic crack-propagation studies [8–15] to the evaluation of
thin film stresses on 300mm Silicon wafers [16–20]. As with
all wave front shearing interferometers, CGS fringe patterns
represent a spatial derivative of an optical wave front which
has either been reflected or transmitted by a mechanical test
specimen. The differentiated output is generally related to the
physical slope of the specimen surface although it can also be
related to the gradient of the sum of principle stress
components when plane stress conditions prevail. In the
investigation of thin film stresses, whole field plots of
curvature components are obtained through the numerical
differentiation of the measured slope fields.

The aforementioned legacy studies all featured a domi-
nant out-of-plane surface slope signature which was well
resolved using the conventional CGS wave front shearing
arrangement. However, in cases where dominant in-plane
stress fields prevail, the surface slope measurement may be a
less sensitive indicator of material response. A case in point
is the 2D plane stress loading arrangement which is used to
simulate the rupture of a tectonic fault in Laboratory
Earthquake experiments [21]. This measurement gap pro-
vides motivation for extension of the CGS technique to the
whole mapping of in-plane spatial derivatives.

There is actually a fairly rich history associated with the
development of wave front shearing interferometers with
application to the combined whole field mapping of in- and
out-of-plane displacement field gradients. The original
wave front shearing interferometer designed for this
purpose was developed by Hung in the early 1970s [22].
Hung’s technique, and many of the early wave front
shearing schemes which followed, relied upon the process
of recording multiple interference patterns on a single film
plate. Multiply exposed film transparencies were then post
processed using optical Fourier filtering schemes in order
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to extract fringe patterns corresponding to spatial deriva-
tives of interest [22]. By the early to mid 1980s Weissman et
al., [23] demonstrated whole field mapping of normal strain
fields using an augmented moiré interferometer arrangement.
Weissman’s technique leveraged an “optical wedge” formed
by a pair of uncoated optical flats in order to shear each of
the normally diffracted (first order) moiré beams. The
resulting interferograms, along with a superimposed carrier
fringe pattern, were then sequentially recorded on the same
photographic plate using a double exposure procedure.
Fringe patterns corresponding to strain field components
were subsequently obtained using a subtractive moiré
process which served to eliminate the carrier pattern. So
called “real-time optical differentiation for moiré interferom-
etry” was later introduced by Patorski et al., [24] which
featured novel polarization schemes for simultaneous wave
front shearing of both moiré beams leading to the formation
of additive moiré fringes of constant strain at the film plane.

With the advent of the digital age the emphasis quickly
shifted away from the use of film based methods in favor of
the CCD camera which enables digital recording of fringe
patterns with the aid of a personal computer and an integrated
frame grabber board. Enabled by the rapid advancement and
commercial availability of the PC, phase shifting interferom-
etry (PSI) emerged as the prevailing method for processing
and analyzing fringe patterns [25–27]. PSI techniques depend
upon a series of phase shifted fringe patterns which are
generated through the precise mechanical translation of an
optical component. Controlled displacements are usually
achieved with the aid of a small stepper motor or
piezoelectric transducer. Other PSI schemes feature the novel
use of polarization components or even direct modulation of
the light source in order to induce a desired phase shift [28].
A simple point by point calculation is then applied in order
recover the wave front phase information which is encoded

within the intensity variations contained within the sequence
of phase shifted fringe patterns. The earliest application of the
PSI method to the combined measurement of in- and out-of-
plane displacement field gradients traces back to work by
Nakadate et al., [29]. The approach was subsequently refined
over the years through the work of Rastogi [30], and
numerous other researchers with primary emphasis on the
development and application of electronic speckle pattern
shearing interferometers (ESSPI).

CGS Diffracted Wave Front Shearing Arrangement

The CGS diffracted wave front configuration is depicted in
Fig. 1. A two-dimensional (crossed) specimen grating is
illuminated by a pair of obliquely incident beams in either
the x1–x3 or x2–x3 planes using a traditional moiré interfer-
ometer arrangement. Sharp diffraction orders arise which
propagate within each respective plane of incidence. The
diffraction angles are given by the general grating equation

sin qm ¼ sin qi þ m
l
d

ð1Þ

where l represents the laser wavelength, d equals the pitch of
the undeformed specimen grating, Θi represents the angle of
incidence, m = 0, +/−1, +/−2, … +/−k designates the
diffraction order, and Θm represents the corresponding
diffraction angle. Each illuminating beam is precisely
adjusted in order to satisfy the first order diffraction angle
condition of the fine pitch grating given by

sinΘi ¼ l
d

ð2Þ

Figure 2 depicts how each illuminating beam gives rise to a
first-order diffracted beamwhich emerges normal to the surface
of the specimen. The normally diffracted beams are paired to-
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gether and designated as the (u1,u3) beam pair and the (u2,u3)
beam pair respectively, in order to distinguish the plane of
incidence and the specific combination of in-plane and out-of-
plane displacement field components which are encoded into
each diffracted wave front.

The working principle of the CGS diffracted wave front
shearing arrangement is explained by invoking a simple ray
optics model as depicted in Fig. 3. The obliquely incident
beams are each diffracted by the reflective specimen grating
G0. An optical shutter or simple beam stop is used to
temporarily block one of the incident beams in order to
prevent interference between the +1 and −1 normally
diffracted orders. Next, we consider a pair of neighboring
points a and b on the specimen surface which are separated
by a lateral (shearing) distance (s2) as shown. The light ray
which originates at point a is normally transmitted through
the first CGS Ronchi grating G1 and then diffracted as a 1st
order ray by the CGS Ronchi grating G2. A second light
ray, which emerges from the neighboring point b is
diffracted as a 1st order ray by the CGS Ronchi grating
G1 and then transmitted straight through the CGS Ronchi
grating G2. The two rays then merge as they exit from
grating G2. This simple ray optics picture applies to the
continuum of all such pairs of neighboring points across
the illuminated specimen surface and forms the basis of the
CGS scheme. From a wave front perspective, the Ronchi
gratings serve to generate two laterally offset (sheared)
copies of the original diffracted wave front. The sheared
wave fronts mutually interfere as they emerge from grating G2

and the resulting fringe pattern is modulated by the optical
path length differences which arise as the specimen deforms.
(s2) thus represents a natural gage length across which a
displacement gradient is obtained. In general, the lateral

shearing distance (sb) is controlled by the Ronchi grating
pitch (p) and grating separation (Δ) and is given by

Sb ¼ Δ
l
p

b ¼ 1; 2ð Þ ð3Þ

where b = 1,2 denotes lateral shearing with respect to the x1
and x2 directions, respectively. Wave front shearing with
respect to the x1 direction is achieved by simply rotating each
Ronchi grating by 90°.

Numerous additional diffraction orders (not depicted in
Fig. 3) are also generated by G1 and G2 in accordance with
equation (1). A focusing lens L and spatial filtering mask A
are used to suppress these extraneous diffraction orders
while facilitating passage of the laterally sheared 1st order
wave fronts which emerge from G2. The resulting fringe
pattern is then focused onto the image plane I and captured
using a CCD camera with integrated phase shifting
diagnostics. Once a sequence of phase shifted images is
acquired, the illuminating beam is blocked and the
procedure is repeated with the second illuminating beam.
The complementary phase information obtained from these
two independent wave front shearing operations is subse-
quently combined to generate de-coupled whole field plots
of the in- and out-of-plane displacement field gradients.

Interference of Laterally Sheared Diffracted Wave
Fronts

Without any loss of generality, the interference problem is
derived by considering wave front shearing of the normally
diffracted (u2, u3) beams with respect to the x2 direction.
Results of the derivation are then generalized to any beam
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pair (ua, u3) [a = 1,2] and wave front shearing direction xb
[b = 1,2]. Figure 4 depicts how the optical path lengths of
the normally diffracted wave fronts are perturbed as an
arbitrary point a, located at coordinate (x1,x2 + S2 / 2),
suffers an in-plane displacement to a point a′ and an out-of-
plane displacement to a point a″.

A similar argument applies to the displacements at
the neighboring point b which is located at coordinate (x1,
x2 − x2 / 2; not depicted in Fig. 4). The resulting change in
path length (δS) of a diffracted ray in response to the
displacements at each of these two neighboring points is
given by

dS x1; x2 þ s2
2
; t

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

point a

¼ u3 x1; x2 þ s2
2
; t

� �
1þ cosΘ½ �

� u2 x1; x2 þ s2
2
; t

� �
sinΘ

� �
ð4aÞ

dS x1; x2 � s2
2
; t

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

point b

¼ u3 x1; x2 � s2
2
; t

� �
1þ cosΘ½ �

� u2 x1; x2 � s2
2
; t

� �
sinΘ

� �
ð4bÞ

where the +/− symbols are associated with the +1 and −1
diffracted orders in accordance with Fig. 4. The laterally
displaced wave fronts are modeled as plane waves given by

Ea ¼ E x1; x2 � s2
2
; t

� �
¼ A exp i kx3 � wt � 2π

l
δS x1; x2 � s2

2
; t

�� �� � ð5aÞ

Eb ¼ E x1; x2 þ s2
2
; t

� �
¼ A exp i kx3 � wt � 2π

l
δS x1; x2 þ s2

2
; t

�� �� � ð5bÞ

in accordance with the coordinate description of Fig. 3.
Here, A and B represent arbitrary plane wave amplitudes,
k = 2π / l is the wave number, x3 represents the propagation
distance to the image plane, and t represents time. The

interference problem is solved by taking the time averaged
intensity of the combined plane wave fields given by

I1 Ea þ Ebf g Ea þ Ebf g* ð6Þ
where the symbol * denotes the complex conjugate
operation and the optical constants of proportionality are
suppressed. This leads directly to the familiar two beam
interference expression given by

I x1; x2; tð Þ ¼ Ia þ Ib þ 2
ffiffiffiffiffiffiffi
IaIb

p
cos

2π
l

lim
s!0

δS x1; x2 þ s2
2
; t

� �
� δS x1; x2 � s2

2

�
; t

� �� �
ð7Þ

where Ia and Ib represent the constant background intensity
of each laterally sheared beam. The third term represents
the interference which modulates in response to the
differential displacement between pairs of neighboring
points separated by the lateral shearing distance s2. The
result is expressed here in limit form in order to emphasize
the fact that (I) can only approximate the time averaged
intensity at the point (x1, x2) in the limit that the shearing
distance (s2) is made sufficiently small. Substituting the
optical path length expressions (4a) and (4b) into equation
(7) yields an expanded representation of the differential
phase term given by

<
þ=�
a;3

			 E
x2
¼ lim

s2!0

2π

l
u3 x1; x2 þ s2

2
; t

� �
� u3 x1; x2 � s2

2
; t

� �� �
1þ cosΘð Þ

n
� ua x1; x2 þ s2

2
; t

� �
� ua x1; x2 � s2

2
; t

� �� �
sinΘ

o
ð8Þ

Note that the symbols <
þ=�
2;3

			 E
x2

are used to denote
lateral shearing of the (u2,u3) beam pair with respect to

the (x2) direction and that the +/− sign is used to specify
the +1 or −1 diffraction order.
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Fig. 4 Geometric representation of the optical path length changes
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Repeated application of the two beam interference
problem with respect to the x1 shearing direction or to the

(u2,u3) beam pair, along either shearing direction leads to a
general result given by

<
þ=�
a;3

			 E
xb
¼ lim

sb!0

2π

l
u3 x1; x2 þ sb

2
; t

� �
� u3 x1; x2 � sb

2
; t

� �� �
1þ cosΘð Þ

n
� ua x1; x2 þ sb

2
; t

� �
� ua x1; x2 � sb

2
; t

� �� �
sinΘ

o
ð9Þ

where a = 1,2 denotes the in-plane displacement field
component and b = 1,2 specifies the wave front shearing
direction. Moreover, since we are primarily interested in
spatial derivatives of the diffracted wave fronts, it is natural
to recast equation (9) in differential form given by equation
(10) which applies in the limit where the shearing

distance (sb) is sufficiently small in comparison to the
characteristic length scales of interest. The general phase
term expressed by equation (10) represents a total of eight
possible phase maps which may be obtained through
lateral shearing of the four

6
þ=�
a;3

			 E
xb
¼ 2p

l
@u3 x1; x2; tð Þ

@xb


 �
1þ cosΘð Þ

�
� @uα x1; x2; tð Þ

@xb


 �
sinΘ

�
1

sb
<

þ=�
a;3

E			
xb

a ¼ 1; 2; b ¼ 1; 2 ð10Þ

(ua,u3) diffracted wave fronts with respect to two primary
shearing directions. Wave front shearing along other off-
axis directions, while certainly possible and physically
meaningful in certain applications, is not considered.
Perhaps most importantly, the form of equation (10) reveals
how de-coupling of the in-plane and out-of-plane displace-
ment field gradient terms may be achieved through the
addition or subtraction of symmetric m = ±1 phase terms
with the aid of PSI techniques.

De-coupling the In- and Out-of-Plane Displacement
Field Gradients

Temporal PSI techniques offer a powerful and convenient
means of extracting whole field phase information in quasi-
static testing applications. Phase shifting of CGS fringe
patterns is facilitated by a calibrated PZT actuator which is
used to induce a series of incremental transverse move-
ments of one Ronchi grating with respect to the other
(along a direction perpendicular to the grating lines). A
sequence of phase shifted fringe patterns is acquired from
each of the laterally sheared wave fronts. A corresponding
phase shifting algorithm is then applied in order to extract
the wrapped phase information.

Derivatives of Out-of-Plane Displacement Fields (Surface
Slope)

The addition of complementary phase map pairs as
expressed by equation (10) induces a complete cancellation

of the in-plane displacement gradient term and produces a
de-coupled whole field phase map of the surface slope
components given by

6a;3

		 �
xb
þ 6a;3

		 �
xb
¼ 4p

λ
@u3 x1; x2; tð Þ

@xb


 �
1þ cosΘð Þ

�

a ¼ 1; 2; b ¼ 1; 2

ð11Þ

As with all lateral shearing interferometers, the CGS wave
front shearing scheme is naturally self referencing by
nature, i.e. interference is preserved through moderate rigid
body rotations since the interfering (sheared) beams move
together as the specimen surface tilts. Moreover, there is no
signature fringe pattern which results from sheared, tilted
wave fronts since the shape of a diffracted wave front
remains largely unaffected by small perturbations in the
angle of incidence.

The use of a 2D (crossed line) fine pitch diffraction
grating on the specimen surface enables two independent
measurements of the same surface slope component. For
example, the @u3

@x1
surface slope component may be obtained

by shearing the (u1,u3) diffracted beam pair with respect to
the x1 direction and then adding the corresponding phase
maps as follows

@u3 x1; x2; tð Þ
@x1

¼ l
4p 1þ cosΘð Þ 6þ

1;3

			 E
x1
þ 6�

1;3

			 E
x1

ð12Þ

Alternatively, the same slope component may be obtained
using a pair of orthogonally oriented illuminating beams in
the x2–x3 plane. In the latter case, lateral wave front
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shearing of the (u2,u3) diffracted beam pair with respect to
the x1 direction, followed by addition of the complementary
phase maps, leads to a surface slope measurement given by

@u3 x1; x2; tð Þ
@x1

¼ l
4p 1þ cosΘð Þ Θþ

2;3

			 E
x1
þ Θ�

2;3

			 E
x1

ð13Þ

Likewise, two independent measurements of the orthogonal
� @u3

@x2
surface slope component may also be obtained

through wave front shearing and subsequent addition of
corresponding (u1,u3) or (u2,u3) phase terms. The slope
measurements expressed by equations (12) and (13) are not
redundant measurements but instead represent a unique
situation where two independent measurements of the same
quantity can be obtained by sampling the specimen surface
with different pairs of illuminating beams.

The process of adding complementary phase maps in
accordance with equation (10) also leads to an increased
overall measurement sensitivity as compared to conven-
tional surface slope measurements obtained through lateral
shearing of a normally reflected wave front. A more
detailed discussion of effective instrument sensitivity to
changes in surface slope is discussed in a later section.

Derivatives of In-Plane Displacement Fields (Strain Fields)

The subtraction of complementary phase map pairs as
expressed by equation (10) induces a complete cancellation
of the out-of-plane displacement gradient term. This results in
a de-coupled phase map corresponding to a spatial derivative
of the in-plane displacement field which is given by

6þ
a;3

			 E
xb
� 6�

a;3

			 E
xb
¼ 4p

l
@ua x1; x2; tð Þ

@xb


 �
sin θ

�

a ¼ 1; 2; b ¼ 1; 2

ð14Þ

The procedure leads directly to the whole field mapping of
infinitesimal strain components in the limit where the
shearing distance is deemed sufficiently small in comparison
to the characteristic length scale of interest. Note that whole
field plots obtained in this manner represent a change in
strain between the deformed and reference configurations
which does not necessarily correspond to the absolute state of
strain in the specimen.

By appealing to equation (1) it is easy to see how a
uniform extension or contraction of the specimen grating
pitch (d) will simply alter the propagation vector of an
otherwise planar diffracted wave front. In other words the
diffraction angle is perturbed but there is no distortion of
the optical wave front. Consequently, there is a subtle
measurement ambiguity associated with the measurement of
homogenous deformations. Indeed this is the in-plane analog
to the manner in which traditional wave front shearing

interferometers, which measure surface slope, are insensitive
to rigid body tilt of the specimen surface. In cases where
homogeneous in-plane deformations are suspected or encoun-
tered, Moiré interferometry can also be leveraged by simply
removing one of the Ronchi gratings and simply allowing the
+1 and −1 diffracted orders to mutually interfere. Independent
measurements of the u1 and u2 displacement fields may be
used to supplement the CGS data and vice versa. In this way
the two techniques become quite complementary. Most
problems of interest however, will generally exhibit some
degree of inhomogeneous deformation and the issue of a
constant strain measurement ambiguity is seldom encoun-
tered. Nonetheless, one should be mindful of this issue when
applying the technique and interpreting results.

Effective Instrument Sensitivity

The method of obtaining displacement field gradients
through the linear combination of phase information as
expressed by equations (11) and (14) is tantamount to
having two independent “virtual” lateral shearing interfer-
ometers working in tandem, one of which outputs surface
slope information and a second which yields in-plane
displacement field gradients (or strain fields in the limiting
case where the shearing distance is deemed sufficiently
small). In the spirit of this model, we can postulate the
existence of a “virtual” fringe pattern associated with each
decoupled phase term in order to derive expressions for the
effective measurement sensitivity.

Sensitivity to the Measurement of Surface Slopes

Fringes orders defining iso-contours of surface slope are
defined by considering a 2πN phase change in equation
(11), where N is an integer corresponding to an arbitrary
fringe order. The change in surface slope per fringe order, i.
e., the effective instrument sensitivity, is then given by

1

N

@u3 x1; x2; tð Þ
@xb

¼ 1

sb

l
2 1þ cosΘð Þ

� �
b ¼ 1; 2 ð15Þ

The presence of the (1 + cosΘ) factor in the denominator
reveals an increased sensitivity compared to surface slope
measurements obtained using a conventional wave front
shearing interferometer. This results from the fact that the
surface is sampled by two oblique illuminating beams in
the diffracted wave front shearing case as opposed to a
single, normally incident, illuminating beam in the case of a
conventional wave front shearing interferometer. Indeed, it
is interesting to note how the limiting sensitivity value of l

4sb
in equation (15) is equivalent to doubling the number of
reflections in a conventional wave front shearing interferometer
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operating at normal incidence. Figure 5 is a plot of the
effective instrument sensitivity to changes in surface slope as
a function of the lateral wave front shearing distance (sb). The
arrow in the figure highlights the trend of increased
instrument sensitivity between the three cases which are
considered. The uppermost curve is a plot of the measurement
sensitivity in the case of a conventional CGS operating at a
laser wave length of 633nm. The middle curve displays the
increased sensitivity which results from the addition of
complementary phase terms using the diffracted wave front
shearing technique. The lowermost curve correspond to an
extreme limiting case outside of the visible light range at an
operating wavelength of 316.5nm (ultra-violet) with a 2400
line/mm grating where the source wavelength and specimen
grating pitch have been both reduced by one-half in order to
hold the diffraction angle Θ constant.

An alternative form for the effective instrument sensitivity,
expressed purely in terms of instrument parameters, is given by

1

N

@u3 x1; x2; tð Þ
@xb

¼ p

2Δ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jl

d


 �2
s8<

:
9=
;

�1

b ¼ 1; 2

ð16Þ
where (j) represents the diffraction order (typically j=+/−1)

Sensitivity to the Measurement of Surface Strains

A similar approach is applied to determine the effective
instrument sensitivity to changes in surface strain. Fringes
orders defining strain iso-contours are defined by consid-
ering a 2πN phase change in equation (14), where N is an
integer corresponding to an arbitrary fringe order. The
change in strain per fringe order is expressed by

1

N

@ua x1; x2; tð Þ
@xb

¼ 1

sb

l
2 sinΘ

� �
a ¼ 1; 2; b ¼ 1; 2 ð17Þ

Instrument sensitivity is seen to range from a maximum
sensitivity value of l

2sb
at the (impractical) grazing incidence

case where the illumination angles approach 90°, to infinity

in the limit of extremely shallow illumination angles
approaching 0°, in which case the interferometer is
rendered completely insensitive. As a point of reference, it
is common practice to employ a grating frequency of
1,200line/mm in which case the 1st order diffraction angle
equals ∼49.4° for a laser wavelength of l = 633nm. In this
case the sensitivity relation given by equation (17) reveals
that the instrument is already operating at 76% of its
theoretical limiting value for a given shearing distance.
There are clearly diminished returns which result from
simply increasing the specimen grating frequency when
operating at a given fixed wave length. The graph in Fig. 6
displays a plot of instrument sensitivity to changes in
surface strain plotted as a function of shearing distance sb.
The uppermost curve corresponds to the diffracted wave
front shearing measurement and the subtraction of the
complementary phase terms. The lower curve once again
corresponds to an extreme limiting condition at the
316.5nm UV wavelength whereby the source wavelength
and specimen grating pitch are both reduced by one-half in
order to hold the diffraction angle constant. The sensitivity
relationship can also be expressed in terms of the specimen
grating pitch (d) by substituting for Θ through equation (2) in
which case the effective instrument sensitivity to changes in
surface strain is given by

1

N

@ua x1; x2; tð Þ
@xb

¼ 1

sb

d

2j

� �
a ¼ 1; 2; b ¼ 1; 2 ð18Þ

Note how the effective instrument sensitivity per unit shearing
distance, is equivalent, as it should be, to the fundamental in-
plane displacement sensitivity of a conventional moiré
interferometer [31] and other diffraction grating based
interferometers such as the transverse displacement interfer-
ometer (TDI) [32, 33]. A third form, expressed purely in
terms of CGS instrument parameters, is obtained by
substituting for the shearing distance (sb) using equation (3).

1

N

@ua x1; x2; tð Þ
@xb
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a ¼ 1; 2; b ¼ 1; 2 ð19Þ
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Fig. 5 Plots of effective instrument sensitivity to changes in surface
slope as a function of the lateral shearing distance (s)
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Application to Crack-Tip Deformation Fields

Experimental measurements of crack-tip deformation fields
corresponding to mode-I, mode-II, and mixed mode near-
tip crack fields were conducted using symmetric and
asymmetric four bend loading configurations. The symmet-
ric and asymmetric loading configurations corresponding to
the four-point bending fracture tests used in this study are
depicted in Fig. 7.

Since the beam is assumed to be under static equilibri-
um, the shear force Q, (between the inner loading points),
the bending moment M, and applied load P are related by

Q ¼ P b2�b1
b1þb2

� �
M ¼ cQ ð20Þ

The mode-I, mode-II, and mixed-mode, asymptotic crack-
tip fields are characterized by three different values of mode
mixity (Ψ = 0°, 90°, 45°) defined by

< ¼ tan�1 KII

KI


 �
ð21Þ

where KI and KII correspond to mode-I and mode-II stress
intensity factors, respectively. Following Tada et al., [34],
the stress intensity factor corresponding to the pure mode I
loading case, as depicted in Fig. 7(a), is given by

KI ¼ 3:975
M

a3=2
ð22Þ

The resulting u1, u2, and u3 displacement fields under plane
stress mode-I loading conditions are given by

u1 ¼ KI

μ
r= 2πð Þ½ �1=2cos θ

2
1� 2υ

1þ υ
þ sin2

θ
2

� �
ð23Þ

u2 ¼ KI

μ
r= 2πð Þ½ �1=2sin θ

2
1� 2υ

1þ υ
þ cos2

θ
2

� �
ð24Þ

u3 ¼ �υh
E

KI

2πrð Þ1=2
cos

θ
2


 �
ð25Þ

Following He and Hutchinson [35], the mode-I and mode-II
stress intensity factors corresponding to the asymmetric
four point bend loading arrangement depicted in Fig. 7(b)
are expressed as

KI ¼ 6cQ

W 2

ffiffiffiffiffiffi
πa

p
F1 a=Wð Þ ð26Þ

KII ¼ Q

W 1=2

a=Wð Þ3=2
1� a=Wð Þ1=2

FII a=Wð Þ ð27Þ

where the shape factors FI (a / W) and FII (a / W) are given
by

FI a=Wð Þ ¼1:122� 1:121
a

W

� �
þ 3:740

a

W

� �2
þ 3:783

a

W

� �3

� 19:05
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W

� �4
þ 22:55
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W

� �5 a

W
� 0:7

h i
ð28Þ

FII a=Wð Þ ¼7:264� 9:37
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W

� �
þ 2:74
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W

� �2

þ 1:87
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W

� �3
� 1:04
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� �4
0 � a

W
� 1

h i
ð29Þ

Under pure mode-II loading conditions, the plane stress
predictions for the u1, u2, and u3 displacement fields are
given by

u1 ¼ KII

μ
r= 2πð Þ½ �1=2sin θ

2
2� 2υ

1þ υ
þ cos2

θ
2

� �
ð30Þ

u2 ¼ KII

μ
r= 2πð Þ½ �1=2cos θ

2
�1þ 2υ

1þ υ
þ sin2

θ
2

� �
ð31Þ

u3 ¼ υh
E

KII

2πrð Þ1=2
sin

θ
2


 �
ð32Þ

(a) Symmetric four-point bending     (b) Asymmetric four-point bending 

x1

x2

Fig. 7 Four-point bending frac-
ture test setups and specimens
(a=10 mm, b1=25 mm, b2=
45 mm)
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Experimental Procedure

Brittle polyester resin (Homalite-100) was used as a model
material for measuring in-plane and out-of-plane displace-
ment gradient fields near a notch tip. A single-edge-notched
specimen was machined from a Homalite-100 sheet (thick-
ness, h = 4.66mm) having a notch width of 250μm. A
diffraction grating with a groove frequency of 1,200lines/mm
was replicated onto the specimen surface using established
grating replication techniques [31]. The specimen was
illuminated by two oblique, expanded, and properly colli-
mated laser beams of wavelength, l = 0.633μm. Precise
alignment of the optical configuration was achieved through
the temporary establishment of moiré null field fringe
patterns using the same master grating element from which
the specimen replica grating was obtained. A CGS lateral
shearing interferometer was then assembled using two linear
Ronchi gratings G1 and G2 with a line pair frequency of
40lines/mm, an imaging lens L of focal length f = 300mm,
and a circular filtering aperture A (diameter, D = 5mm) at the
focal plane of the lens L, in accordance with Fig. 3. A square
region (10mm × 10mm) surrounding the notch tip was
chosen as a field of view for the measurements. An
instrument grating spacing of Δ = 20mm resulted in a
lateral shearing distance of 0.5mm. The resulting fringe
patterns were focused onto the image plane and recorded
using a digital CCD camera (Uniq Vision, Inc., UP-1030)
with a resolution of 1,024 × 1,024 pixels. A three-step phase-
shifting technique was employed by translating one of the
diffraction gratings with respect to the other using a PZT
actuator (Physik Instrumente, P-840.10). The phase shifting
device was precisely calibrated in order to eliminate any
phase shift errors introduced PZT non-linearity and other
sources of phase shift error. Once the optical configuration
was precisely aligned and phase shifting diagnostics cali-
brated, the master grating element was removed and replaced
by a test specimen within a miniature load frame assembly.

Three fracture tests were conducted which involved static
notches loaded to produce mode-I, mode-II, and mixed-
mode asymptotic crack-tip fields which can be characterized
by three different values of mode mixity (Ψ = 0°, 90°, 45°).
In all threes cases, load levels were monitored using a
calibrated miniature load cell and test loads were main-
tained well within the elastic range of the highly brittle
Homalite specimen.

A set of three phase-shifted interferograms were
recorded from each of the sheared +1 and −1 diffracted
orders prior to the application of any load in order to
establish baseline data corresponding to the undeformed
configuration. A set of three phase-shifted interferograms
were then obtained from each of the sheared diffracted
beams at the subsequent load steps. Wrapped phase maps
were then generated from each set of phase shifted fringe

patterns using a three step PSI algorithm [26, 27]. Phase
maps corresponding to the undeformed configuration were
subtracted from corresponding “deformed” phase maps
acquired after loading in order to eliminate background
noise due to surface imperfections within the specimen
grating and dust particles on the optical components.
Surface slope and strain field plots were then obtained
from the filtered phase maps in accordance with equations
(11) and (14).

Results: Mode-I Crack Tip Fields

The four interferograms depicted in Fig. 8 were acquired
through lateral shearing of the (u2,u3) diffracted orders
while the test specimen was subjected to a symmetric
mode-I near-tip loading condition (P = 100N, Ψ = 0°).
Interferograms 8a and 8b resulted from wave front shearing
with respect to the x2-direction (perpendicular to the notch
direction). Figure 8(a) corresponds to the sheared +1
diffraction order and Fig. 8(b) corresponds to the sheared
−1 diffraction order. A second pair of interferograms
depicted in 8c and 8d resulted from wave front shearing
with respect to the x1-direction (parallel to the notch
direction) after simply rotating Ronchi gratings by 90°. Note
how the fringe patterns comprising each image pair are nearly
mirror images of one another with respect to the x1 axis due
to the anti-symmetric character of the u2 displacement field
i.e., u2(x1,x2) = −u2(x1,x2). Figure 9 depicts a Moiré fringe
pattern of the u2 displacement field which was obtained by

Fig. 8 Mode-I loading conditions (P=100 N, ψ=0°). CGS interfero-
grams obtained through lateral shearing of the (u2,u3) diffracted orders
along the x1 and x2 directions
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simply removing one of the double gratings in the CGS set up
and allowing the +1 and −1 diffracted orders to mutually
interfere. In this case each fringe order corresponds to an in-
plane displacement of 0.417μm. The anti-symmetric character
of the u2 displacement field is evident.

A sequence of three phase shifted fringe patterns was
obtained for each of the interferograms depicted in Fig. 8.
Images were subsequently processed in order to generate a
wrapped phase map of each differentiated wave front. The
wrapped 2π-modulo phase maps corresponding to the
interferograms in Figs. 8(a) and 8(b) are displayed in
Fig. 10, each of which corresponds to a linear combination

of in- and out-of-plane displacement field gradients in
accordance with equation (10).

Following this step, the corresponding surface slope
and strain fields were obtained by addition and subtraction
of the complementary phase maps in accordance with
equations (11) and (14). Figure 11(a) corresponds to a
whole field phase map of the infinitesimal ɛ22 strain
component obtained through subtraction of the comple-
mentary phase maps shown in Fig. 10. Here, each 2π-phase
fringe corresponds to a strain difference of 8.36 × 10−4.
Figure 11(b) corresponds to a whole field phase map of the
surface slope component obtained through addition of the
same two phase terms. Here each 2π-phase fringe repre-
sents a slope difference of 3.85 × 10−4. Synthetically
generated plots of the corresponding displacement field
gradients, obtained through differentiation of the asymptot-
ic crack-tip KI displacement field solutions (24) and (25)
are shown in Figs. 11(c) and 11(d) for the sake of
comparison. The general shape and orientation of the
measured surface slope and strain fields appear to be in
good agreement with the corresponding synthetically
generated profiles. The discrepancy in the fringe shapes
especially in the slope map in the crack-flank area is due to
the truncation of higher order terms in the analytical
solution as well as the effect of a finite notch width.
Continuous maps of the strain and the slope fields (not
depicted) were also obtained for quantitative deformation
analysis. Angular variations of the e22 strain component
around the crack tip were evaluated along circular paths for
three different radii (r/h = 0.25, 0.5, 1.0) which were
normalized with respect to the thickness of the specimen h.
The plot in Fig. 12 shows that the angular strain
distributions are self-similar with minor variations within
the experimental scatter.

Fig. 9 Moiré interferometry fringes of displacement field u2
corresponding to pure mode-I loading conditions
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Results: Mode-II and Mixed-Mode Loading Conditions

Crack-tip deformation fields corresponding to a pure mode-
II loading condition (P = 550N, Ψ = 90°) and a mixed-
mode loading condition (P = 300N, Ψ = 45°) were also
obtained using similar procedures. The results from the case
of pure mode-II loading are shown in Fig. 13. The resulting
e22 strain field is depicted in Fig. 13(a) where each 2π-
phase fringe corresponds to a strain difference of 8.36 ×
10−4. Figure 13(b) corresponds to the @u3

@x2
surface slope field

where each 2π-phase fringe represents a slope difference of
3.85 × 10−4. Synthetically generated plots of these
quantities, derived by differentiation of the mode-II
asymptotic near tip displacement field solutions (31) and
(32), are shown to the right of each corresponding field
plot.

Results from the mixed-mode loading case are displayed
in Fig. 14. The resulting e22 strain field is depicted in

Fig. 12 Angular variations of a strain component ɛ22 around a crack
tip for three radii normalized with the specimen thickness h,
corresponding to mode-I loading condition
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Fig. 11 Measured versus predicted crack-tip deformation fields
corresponding to pure mode-I loading condition (P=100N, <=0°).

2

3

x

u

 
 

2

3

x

u

 
 

2

3

x

u

∂ 
∂ 

(a) (c)

(d)

ε22 ε22

 

2 
3 

x

u 
  
 

2 
3 

x

u 
  
 

2 
3 

x

u 
∂  
∂ 

(b) 

Fig. 14 Crack-tip strain and slope maps corresponding to mixed-
mode loading condition (P=300 N, <=45°)
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Fig. 13 Crack-tip strain and slope maps corresponding to pure mode-
II loading condition (P=550 N, <=90°)
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Fig. 14(a) where each 2π-phase fringe once again corre-
sponds to a strain difference of 8.36 × 10−4. Figure 14(b)
corresponds to the @u3

@x2
surface slope field where each 2-

phase fringe represents a slope difference of 3.85 × 10−4.
Plots to the right of each image display the corresponding
synthetically derived predictions for these two field plots
which were obtained through linear superposition of the
corresponding mode-I and mode-II solutions. In each case
the general shape and overall profile of the measured
surface slope and strain fields continue to match qualita-
tively well with the theoretically predicted profiles. The
results also demonstrate that the extended CGS technique
can be effectively used to measure deformation fields even
in the presence of moderate rigid-body rotations.

Conclusions

The Coherent Gradient Sensor (CGS) has been extended
to the optical differentiation of specular diffracted wave
fronts leading to the combined whole field measurement
of in- and out-of-plane displacement field gradients. The
extended capability combines the robust attributes of the
CGS lateral wave front shearing technique with the high
sensitivity feature of moiré interferometry. Combined
displacement field measurements are facilitated through the
use of a reflective, fine pitch diffraction grating which is
replicated onto the surface of a test specimen. The specimen
is illuminated by a pair of obliquely incident beams which
are directed along primary 1st order diffraction angles in
accordance with the grating pitch. The two superimposed
+1 and −1 diffracted beams which emerge normal to the
specimen surface are prevented from mutually interfering
and are instead directed to a CGS set up where each beam is
then independently sheared by a pair of parallel Ronchi
gratings. The sheared 1st order wave fronts are transmitted
through a spatial filtering arrangement and subsequently
imaged onto a CCD camera where the resulting interfero-
gram is recorded. Phase shifting interferometry (PSI)
techniques are implemented in order to generate a phase
map of each differentiated wave front. Extraction of the
otherwise coupled in- and out-of-plane displacement field
gradients is subsequently achieved through the addition or
subtraction of the two complementary phase maps in a post
processing procedure. The technique was validated by
applying it to the measurement of deformation fields in
the vicinity of a notch tip subject to mode-I, mode-II, and
mixed mode loading conditions. In each of these cases, the
resulting whole field surface slope and strain field profiles
were shown to be in good agreement with the theoretically
predicted profiles. The results further demonstrated that the
technique is capable of accurately measuring deformation
fields even in the presence of moderate rigid-body

rotations. Future work will consider the application of this
technique to dynamic testing applications.
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